Introduction {#Sec1}
============

A widely accepted evolutionary scenario for some economically important crop plants such as wheat is that their evolution has been shaped by complex reticulate processes (Marcussen [@CR23]). The need for structures capable of representing the telltale signs left behind by such processes has fueled research into phylogenetic networks. In the rooted case, these are generally based on the concept of a rooted directed acyclic graph whose leaf set is a pre-given set *X* of taxa (e. g.  species). Such structures have, however, turned out to be notoriously difficult to come to grips with from a combinatorial point of view (see, e.g., the graduate text books Gusfield [@CR16]; Huson et al. [@CR20]). Reflecting this, research into rooted phylogenetic networks has recently also centered on their "uprooted" versions (see ,e.g., Gambette and Huber [@CR13]; Huber et al [@CR18]; van Iersel et al. [@CR27]; Francis et al [@CR11] and Fig. [1](#Fig1){ref-type="fig"} for an example). These graphs have turned out to be more amenable to a combinatorial analysis and, at the same time, are still of interest to evolutionary biologists since they provide insights into the number of non-treelike evolutionary events undergone by a taxa set.Fig. 1**a** A phylogenetic network *N* on $\documentclass[12pt]{minimal}
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                \begin{document}$$h_2$$\end{document}$ represent hypothesized reticulate evolutionary events. **b** The uprooted version $\documentclass[12pt]{minimal}
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                \begin{document}$$N':=U(N)$$\end{document}$ of *N*. **c** An unrooted phylogenetic network on *X* in the form of the Buneman graph $\documentclass[12pt]{minimal}
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                \begin{document}$$N'$$\end{document}$. The *dashed line* indicates the split 234\|15678---see Sect. [2](#Sec2){ref-type="sec"} for details

From a formal point of view, the uprooted version *U*(*N*) of a phylogenetic network *N* is a connected (undirected) graph with leaf set *X* such that no vertex has degree two and every cycle has length at least four. We therefore define an *uprooted (phylogenetic) network* to be a graph with these properties. In this context, it should be noted that---although related to the notion of an unrooted phylogenetic network---uprooted networks are, in general, not unrooted phylogenetic networks as they might contain cycles of odd length whereas this is not possible for the latter (see, e.g., Fig. [1](#Fig1){ref-type="fig"}b, c for an illustration of this difference).

Despite their attractiveness to evolutionary biology, it is, however, unclear how to directly construct an uprooted phylogenetic network from real data, i.e., without first constructing a (rooted) phylogenetic network and then ignoring the direction of its edges and suppressing its root. To address this, we focus on the special case that the uprooted phylogenetic network *N* is *1-nested*, that is, no two cycles in *N* share an edge (see, e.g., Rossello and Valiente [@CR24]; Huber and Moulton [@CR17] for rooted versions of such networks). These types of networks allow for limited interaction between reticulate evolutionary events and, as we shall see, have attractive combinatorial properties. Calling a bipartition of *X* a *split* of *X* and a collection of splits of *X* a *split system (on X)*, it is straightforward to see that any 1-nested network *N* induces a split system $\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma (N)$$\end{document}$ can be used to uniquely recover *N* (up to isomorphism and a mild condition) in polynomial time and that it is optimal. These graphs are certain types of unrooted phylogenetic networks and are defined for a *split system* $\documentclass[12pt]{minimal}
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Definition 1 {#FPar1}
------------
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As we shall see in Sect. [4](#Sec9){ref-type="sec"}, the split system induced by a 1-nested network is always circular (see Sect. [2](#Sec2){ref-type="sec"} for a definition and Gambette et al [@CR12] for the treatment of a special case). This property is particularly attractive in a phylogenetics context as it guarantees that any such split system is representable in the plane in terms of an unrooted phylogenetic networks without crossing edges. Inspired by this, we characterize maximal circular split systems in Theorem 2. As a consequence, we obtain in Corollary [2](#FPar25){ref-type="sec"} the 1-nested analogue of the fundamental "splits equivalence theorem" for phylogenetic trees (Semple and Steel [@CR25], Theorem 3.1.4). That theorem characterizes split systems $\documentclass[12pt]{minimal}
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The outline of the paper is as follows. In the next section, we introduce relevant basic terminology and present some first insights. In Sect. [3](#Sec8){ref-type="sec"}, we state a closure rule for split systems which underpins our key tool: the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal I$$\end{document}$-intersection closure of a split system. Intriguingly, our rule also appeared in the guise of Property (C1) in Dinitz and Nutov ([@CR7]) where it was used to characterize cactus models in terms of certain bisection families (i.e., certain split systems). Cactus models are closely related to rooted versions of *level-1* phylogenetic networks (i.e., the requirement that no two cycles share an edge is strengthened to the requirement that no two cycles share a vertex). However, cactus models are not rooted phylogenetic networks in the usual sense. We clarify the relationship between them first and then present a characterization of split systems that can be displayed by 1-nested networks. In Sect. [4](#Sec9){ref-type="sec"}, we establish Theorems 2, [3](#FPar23){ref-type="sec"} and Corollary [2](#FPar25){ref-type="sec"}. Using insights into the structure of the Buneman graph presented in Dress et al. ([@CR10]), we establish Theorem [5](#FPar33){ref-type="sec"} in Sect. [5](#Sec10){ref-type="sec"}. We conclude with some open problems in Sect. [6](#Sec13){ref-type="sec"}.

Preliminaries {#Sec2}
=============

In this section, we present relevant basic definitions concerning split systems and phylogenetic networks. Also, we clarify how rooted and unrooted phylogenetic networks represent a split. Throughout the paper, we assume that *X* is a finite set with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\ge 3$$\end{document}$ elements. Also, unless stated otherwise, split systems are assumed to be non-empty.

Uprooted Phylogenetic Networks {#Sec3}
------------------------------

Suppose *G* is a simple connected graph. A *cut vertex* of *G* is a vertex whose deletion along with its incident edges disconnects *G*. A *cut edge* of *G* is an edge whose removal disconnects *G*. We call a cut edge *trivial* if it is incident to a *leaf* *v* of *G*, that is, the degree of *v* is one. Similarly, for rooted phylogenetic networks, we call an uprooted phylogenetic network *N* *simple* if all cut edges of *N* are trivial and we say that two uprooted phylogenetic networks *N* and $\documentclass[12pt]{minimal}
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Splits and Split Systems {#Sec4}
------------------------
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Displaying Splits {#Sec5}
-----------------

As it turns out, both uprooted networks and Buneman graphs display a split system but the way they do this is fundamentally different. In this section, we first present formal definitions for each case and then an example illustrating this difference.

### Uprooted Networks {#Sec6}
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To illustrate some of these definitions, consider the 1-nested network *N* on $\documentclass[12pt]{minimal}
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### Buneman Graph {#Sec7}

Buneman graphs are sometimes also called median networks and have been shown to be isometric subgraphs of hypercubes (see, e.g., Dress et al. [@CR9]). They have appeared in the literature under various guises such as co-pair hypergraphs (Barthelemy [@CR4], [@CR5]) and have been studied in terms of median algebras (Bandelt and Hedliková [@CR3]), 1-skeletons of CAT(0) cubical complexes (Bandelt and Chepoi [@CR2]), retracts of hypercubes (Bandelt [@CR1]), tight spans of metric spaces \[see, e.g., Dress et al. [@CR8] and also the more recent text book (Dress et al. [@CR9]) and the references therein\], and S2 binary convexities (van de Vel [@CR26]) (see, e.g., Klavzar and Mulder [@CR21] for a review of median graphs). Split systems induced by 1-nested network on some set *X* clearly contain all trivial splits on *X*. As it turns out for any split system $\documentclass[12pt]{minimal}
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To illustrate these definitions, let $\documentclass[12pt]{minimal}
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Characterizing of 1-Nested Networks in Terms of $\documentclass[12pt]{minimal}
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In this section, we introduce and study the $\documentclass[12pt]{minimal}
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The next observation is almost trivial and is used in the proof of Theorem [1](#FPar9){ref-type="sec"}.
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-----
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For clarity of presentation, we remark that for the proof of Theorem [1](#FPar9){ref-type="sec"}, we will assume that if a given split *S* of a 1-nested network *N* has multiplicity at least two in the multi-set of splits induced by *N* then *S* is displayed by a cycle *C* of *N* (rather than by a cut edge of *N*). Furthermore, we denote the split system of *X* induced by a cycle *C* of a 1-nested network *N* on *X* by $\documentclass[12pt]{minimal}
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Optimality and the Analogue of the Splits Equivalence Theorem {#Sec9}
=============================================================

As is easy to see, any circular split system on some set *X* can be represented in terms of a 1-nested network $\documentclass[12pt]{minimal}
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This and the next section are devoted to clarifying the above phenomenon. In particular, we show next that for any circular split system $\documentclass[12pt]{minimal}
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We start with introducing some more terminology. Suppose $\documentclass[12pt]{minimal}
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Lemma 3 {#FPar11}
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Note that since a maximal circular split system on *X* must necessarily contain all 2-splits of *X* obtainable as a minimal cuts in the associated simple level-1 network on *X*, it follows that that ordering of *X* is unique. The next result suggests that systems of such splits suffice to generate a maximal circular split system. To state it, suppose $\documentclass[12pt]{minimal}
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In view of Lemma [3](#FPar11){ref-type="sec"}, we say that a circular ordering *displays* a split system $\documentclass[12pt]{minimal}
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Lemma 4 {#FPar13}
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Proof {#FPar14}
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Lemma 6 {#FPar17}
-------
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Proof {#FPar18}
-----
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Theorem 2 {#FPar19}
---------
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Proof {#FPar20}
-----
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Lemma 7 {#FPar21}
-------
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Proof {#FPar22}
-----
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Armed with this characterization, we are now ready to establish Theorem [3](#FPar23){ref-type="sec"}.

Theorem 3 {#FPar23}
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In consequence of Theorems [1](#FPar9){ref-type="sec"} and [3](#FPar23){ref-type="sec"}, we obtain the 1-nested analogue of the "splits equivalence theorem" for phylogenetic trees (see Sect. [1](#Sec1){ref-type="sec"}).

Corollary 2 {#FPar25}
-----------
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As observed in Sect. [2](#Sec2){ref-type="sec"}, a 1-nested network also induces a multi-set of splits. This raises the question of an 1-nested analogue of the "splits equivalence theorem" (see Sect. [1](#Sec1){ref-type="sec"}) for such collections. We will settle this question elsewhere.

Optimality and the Buneman Graph {#Sec10}
================================

In this section, we investigate the interplay between the Buneman graph $\documentclass[12pt]{minimal}
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Marguerites and Blocks {#Sec11}
----------------------

In this section, we first focus on the Buneman graph of a maximal circular split system and then introduce and study the novel concept of a marguerite. We start with collecting some relevant results.
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### Lemma 8 {#FPar26}
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Gates {#Sec12}
-----

In this section, we establish that any partially resolved 1-nested network *N* can be embedded into the Buneman graph associated with $\documentclass[12pt]{minimal}
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We start with associating a metric space to the Buneman graph of a split system. Suppose $\documentclass[12pt]{minimal}
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### Lemma 9 {#FPar28}

Suppose *N* is a 1-nested network on *X*. Then a block of $\documentclass[12pt]{minimal}
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### Proof {#FPar29}
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To see the remainder of the lemma, suppose that *M* is a marguerite and assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\ge 4$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M=M(\Sigma _k)$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Y=\{X_1,\ldots ,X_k\}$$\end{document}$ denote the partition of *X* induced by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Sigma _k$$\end{document}$ and assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in X$$\end{document}$. Then there must exist some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i\in \{1,\ldots ,k\}$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in X_i$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _i^0$$\end{document}$ is clearly the map$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{array}{r c l} \phi _i^0 : \Sigma _k \rightarrow \mathcal {P}(X):\,\,\,\, S=A|B \mapsto \left\{ \begin{array}{r l} A &{}\quad \text {if } X_i \subseteq A \\ B &{}\quad \text {if } X_i \subseteq B, \end{array} \right. \end{array} \end{aligned}$$\end{document}$$Properties (Bvi) and (Bvii) imply that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{ \phi _i^0} $$\end{document}$ is the gate for *x* in *M*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

To be able to establish that any 1-nested partially resolved network *N* can be embedded as a (not necessarily induced) subgraph into the Buneman graph $\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar30}
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Theorem [4](#FPar30){ref-type="sec"} implies that by carrying out the two steps (Ci) and (Cii) stated in Corollary [3](#FPar32){ref-type="sec"} any 1-nested partially resolved network *N* induces a 1-nested network $\documentclass[12pt]{minimal}
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We next show that even if the circular split system under consideration does not satisfy the assumptions of Corollary [3](#FPar32){ref-type="sec"}, steps (Ci) and (Cii) still give rise to a, in a well-defined sense, optimal 1-nested network.
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Conclusion {#Sec13}
==========

Despite many years of research into rooted phylogenetic networks, our understanding of their combinatorial properties is still relatively poor limiting our ability to apply them within a biological context. To help make headway, uprooted versions of such networks have recently also been studied in the literature as they retain some of the biologically interesting properties of their rooted cousins. Here we call these types of networks uprooted phylogenetic networks and study them in terms of the split system they induce. Although our results are encouraging involving optimality results and a number of non-trivial characterizations, numerous questions that might be of interest have remained unanswered. For example, regarding Corollary [2](#FPar25){ref-type="sec"}, what is the minimal size of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma (N)$$\end{document}$? Also, is it possible to characterize split systems induced by more complex uprooted networks such as level-2 networks (i.e., networks obtained from level-1 networks by adding a cord to a cycle)?

Given that, from a combinatorial point of view, rooted phylogenetic networks are far less well understood than their unrooted counterparts, it might be interesting to investigate if uprooted networks could serve as some kind of intermediate structure to help bring to bear on them the rich body of literature for unrooted phylogenetic networks. For example, a number of reconstruction algorithms for rooted level-1 networks try to infer them from a collection of rooted binary phylogenetic trees on three leaves (Huson et al. [@CR20]). Such trees are generally referred to as triplets, and in real biological studies, it is generally too much to hope for that a set of triplets contains *all* triplets induced by the (unknown) underlying network (see, e.g., Gambette et al [@CR14] for more on this). One way to overcome this problem is to employ triplet inference rules. Such rules are well known for rooted phylogenetic trees but are missing even for general rooted phylogenetic networks. The question therefore becomes if the work presented here combined with results on closures obtained in, for example, Gruenewald and Huber ([@CR15]) for unrooted phylogenetic networks might provide a starting point for developing such rules.

Finally, it is straightforward to check that rooted 1-nested networks are special cases of stable networks (see Gambette and Huber [@CR13] for the special case that the network is level-1) introduced in Huber et al. ([@CR19]) and that the later were linked with the gene tree and a species tree reconciliation problem in Huber et al. ([@CR19]), it might be interesting to explore if our arguments also help shed new light into that problem.

We refer to Sect. [5](#Sec10){ref-type="sec"} for a construction of such a network.
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